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Introduction 



ABSTRACT. We construct the moduli space of Enriques surfaces in positive 
characteristic and determine its local and global structure. Also, we prove that 
Enriques surfaces lift to characteristic zero. The key ingredient is that the canon- 
ical double cover of an Enriques surface is birational to the complete intersection 
r ^ i of three quadrics in P° , even in characteristic 2. 

< 

In order to give examples of algebraic surfaces with h l (Ox) = h 2 {Ox) = 
that are not rational, Castelnuovo and Enriques constructed the first Enriques sur- 
faces at the end of the 19th century. From the point of view of the Kodaira- 
Enriques classification, these surfaces form one of the four classes of minimal 
J> ■ surfaces of Kodaira dimension zero. More precisely, these four classes consist 

of Abelian surfaces, K3 surfaces, Enriques surfaces and (Quasi-)Hyperelliptic sur- 
faces. 

q ■ In characteristic ^ 2, Enriques surfaces behave extremely nice: deformations 

are unobstructed by results of Illusie [1179] and Lang [La83|. Over the complex 

Q ■ numbers, their moduli space is irreducible, smooth, unirational and 10-dimensional, 

and Kondo [Ko94] showed even rationality. Next, their fundamental groups are of 
order 2 and their universal covers are K3 surfaces. Moreover, Cossec [Co85] and 
Verra [Ve83] found explicit equations of these K3-covers: they are birational to 
complete intersections of three quadrics in P 5 and the Z/2Z-action can be written 
!— j ' down explicitly. (For generic Enriques surfaces this was already known to Enriques 

himself [En08].) Finally, Enriques surfaces in characteristic ^ 2 lift over the Witt 
ring, which is due to Lang [La83]. 

In characteristic 2, the situation is more complicated: first of all, as shown by 
Bombieri and Mumford [B-M76], Enriques surfaces fall into three classes, called 
classical, singular and supersingular. Although they still possess canonically de- 
fined flat double covers, which have trivial dualizing sheaves and which "look" 
cohomologically like K3 surfaces, these are in general only integral Gorenstein 
surfaces and may not be normal. It also happens that deformations are obstructed 
and finally, supersingular Enriques surfaces do not lift over the Witt ring. 

In this article, we clarify the situation in positive characteristic, and especially 
in characteristic 2. 
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2 CHRISTIAN LIEDTKE 

We start with the description of K3(-like) covers of Enriques surfaces. 

Theorem. Let ir : X — > X be the K3(-like) cover of an Enriques surface X. Then 
there exists a morphism ip 

X -> ip(X) C P 5 

that is birational onto its image. The image <p(X) is a complete intersection of 
three quadrics. 

The exceptional locus of ip is, in a certain sense, a union of ADE-curves, see 
Theorem l3.ll Next, it is a torsor under a finite flat group scheme G of length 2. We 
describe the linear G-action on P 5 induced by ip, and equations of the C7-invariant 
quadrics cutting out <p(X) in Proposition 13.71 As a byproduct, we obtain 

Corollary. All Enriques surfaces in arbitrary characteristic arise via the Bombieri— 
Mumford-Reid construction in [B-M76, §3]. 

This result is the key to determining the local and global structure of the moduli 
space ^Enriques of Enriques surfaces in positive characteristic p: 

Theorem. ^Enriques is a quasi-separated Artin stack of finite type over k. 

(1) If p 7^ 2, then ^Enriques is irreducible, unirational, 10-dimensional and 
smooth over k. 

(2) If p = 2, then .^Enriques consists of two irreducible, unirational and 10- 
dimensional components 



^Enriques an< ^ ^Enriques ■ 

Moreover, 

- they intersect along an irreducible, unirational and ^-dimensional 

Closed substack ^Enriques' 

" ^Enriques parametrizes supersingular Enriques surfaces, 



' -^Enriques — ^Enriques * s smootn and parametrizes singular surfaces, 

' -^Enriques — ^Enriques Parametrizes classical Enriques surfaces. It 
is smooth outside the locus of exceptional Enriques surfaces. 

Exceptional Enriques surfaces were introduced by Ekedahl and Shepherd-Barron 
in HE-SB0411 . We note that Bombieri and Mumford conjectured, or, at least hoped 
for such a general picture already back in [B-M76] - except for the appearance of 
exceptional Enriques surfaces, on which we will comment below. 

To obtain these results, we first study polarized moduli, which turn out to be 
interesting in their own right, as they behave much nicer. In a certain sense, there 
is a class of natural and minimal polarizations for our setup, cf. the discussion at 
the beginning of Section |3l which is the following: 

Definition. A Cossec-Verra polarization on an Enriques surface X is an invertible 
sheaf C with self-intersection number 4 and such that every genus-one fibration 
\2E\ on X satisfies £• E > 2. 



ENRIQUES SURFACES 3 

In general, such invertible sheaves are not ample, but only big and nef. However, 
it is important to note that every Enriques surface possesses such a polarization. 
This is different from algebraic K3 surfaces, which are all polarizable, but where 
we need infinitely many types of polarizations to capture every one of them. 

Although every Enriques surface X possesses a Cossec-Verra polarization C, it 
is in general not unique. We refer to Proposition 13 .41 for quantitative results. Con- 
tracting those curves that have zero-intersection with C, we obtain a pair (X' , £'), 
where X' is an Enriques surface with at worst Du Val singularities and £ is an 
ample Cossec-Verra polarization. 

Theorem. Let X' be an Enriques surface over k with at worst Du Val singularities 
admitting an ample Cossec-Verra polarization. 

(1) If X' is not supersingular then it lifts over the Witt ring W(k). 

(2) If X 1 is supersingular then it lifts over W{k)\y2\, but not over W(k). 

Next, we denote by ^#cv,ampie the moduli space of pairs (X, C), where X is an 
Enriques surface with at worst Du Val singularities and C is an ample Cossec-Verra 
polarization. This moduli space behaves extremely nice, even in characteristic 2: 

Theorem. ^#cv, ample is a quasi-separated Artin stack of finite type over k. 

(1) If p t^ 2 then ^#cv, ample is irreducible, unirational, 10-dimensional and 
smooth over k. 

(2) If p = 2 then ^#cv, ample consists of two irreducible, unirational, smooth 
and W-dimensional components 



^CV,ample md ^CV.ample ' 

Moreover, 

- they intersect transversally along an irreducible, unirational, smooth 
and ^-dimensional closed substack ^M^ amD i e . 

- -#cy ample parametrizes supersingular surfaces, 

- ^x? v ,ample ~~ -^ov, ample parametrizes singular surfaces (G = \i<i) 
and classical surfaces (G = Z/2ZJ, respectively, 

The lifting result and the description of -#cv,ampie give a beautiful picture of 
how Enriques surfaces "should" behave. However, we already mentioned above 
that -#Enriques is not smooth along at points corresponding to classical and excep- 
tional Enriques surfaces. Here is the reason: ^#cv, ample and ^Enriques are related 
via simultaneous resolutions of singularities and then forgetting the polarization. It 
is Artin's simultaneous resolution functor [Ar74b] which is responsible for singu- 
larities of ^#Enriques- This is similar to canonically polarized surfaces of general 
type, where Burns and Wahl MB-W7 4I showed how singularities of the canonical 
models may obstruct moduli spaces. We refer to Remark [5^91 for details. 

Because of these difficulties, we lose control over the ramification needed in 
order to lift Enriques surfaces. However, it suffices to prove the following: 

Theorem. Enriques surfaces lift to characteristic zero. 
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We refer to Theorem 15.101 for what we know about ramification. Lifting over 
W(k) in characteristic p ^ 2, as well as for singular Enriques surfaces in p = 2 
has been established by Lang HLa83ll . 

This article is organized as follows: 

After reviewing a couple of general facts in Section [Q we study projective and 
birational models of the canonical double cover of Enriques surfaces in Section |2] 
These results extend previous work of Cossec HCo851l to characteristic 2. The main 
difficulty is that Saint-Donat's results [SD74] on linear systems on K3 surfaces 
cannot be applied to this double cover and we have to find rather painful ways 
around. 

In Section [3] we show that the canonical double cover of an Enriques surface is 
birational to the complete intersection of three quadrics in P 5 . We introduce the 
notion of a Cossec-Verra polarization and establish a couple of general facts about 
them. Finally, we explicitly describe the action of the finite fiat group scheme of 
length two, which acts on this complete intersection. In particular, we will see 
that every Enriques surface arises via the Bombieri-Mumford-Reid construction 
of HB-M761 . 

In Section [4] we study pairs of Enriques surfaces with at worst Du Val singu- 
larities together with ample Cossec-Verra polarizations. We prove their lifting to 
characteristic zero and construct the moduli space ^#cv,ampie of such pairs. Us- 
ing the results of Section |3l all boils down to describing deformations and moduli 
of complete intersections of three quadrics together with the action of a finite flat 
group scheme of length 2. 

Finally, in Section [5] we relate ^#cv,ampie to the moduli space -#Enriques of 
unpolarized Enriques surfaces. These are connected via Artin's functor of simul- 
taneous resolutions of singularities and the functor that forgets the Cossec-Verra 
polarization. Finally, we prove lifting to characteristic zero. 

Remark. While working on this article and discussing it, I was pointed out the 
discussion ME-S7II on the internet platform mathoverf low. net. It seems that 
some of the results in Section [5] have been obtained independently by Ekedahl and 
Shepherd-Barron several years ago, but were never published. 

Acknowledgements. I thank Brian Conrad, Igor Dolgachev, David Eisenbud and 
Jack Hall for long discussions and comments. Moreover, I gratefully acknowledge 
funding from DFG under research grant LI 1906/1-1 and thank the department of 
mathematics at Stanford university for kind hospitality. 

1. Generalities 

We start by recalling a couple of general facts on Enriques surfaces, and refer to 
[B-M76] and [C-D89] for details and further references. 

Throughout this article, X denotes an Enriques surface over an algebraically 
closed field k of arbitrary characteristic p > 0. By the definition of Bombieri and 
Mumford, this means 

ujx = O x and b 2 {X) = 10, 
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where = denotes numerical equivalence. Moreover, we have 

x {Ox) = l and b 1 (X) = 0. 

In characteristic p ^ 2 we have h (Ox) = 0, whereas for p = 2 only the 
inequality h l (Ox) < 1 is true. Thus, if h}(Ox) happens to be non-zero, it makes 
sense to study the action of the absolute Frobenius F on H (Ox), which must be 
either zero or a bijection. 

Definition 1.1. An Enriques surface X is called 

(1) classical if h l (O x ) = 0, hence u x ¥ O x and lo x 2 2* O x , 

(2) singular if h}(Ox) = 1, hence lux — Ox and F is bijective on H 1 (Ox), 

(3) supersingular if /i 1 (Ox) = 1, hence ujx = Ox and F is zero on H l (Ox)- 

The Picard scheme of X is smooth only if it is classical. More precisely, 
Pic T (X) is isomorphic to Z/2Z (classical), p2 (singular) or 02 (supersingular), 
respectively. In each case, Pic T gives rise to finite and flat morphism of degree 2 

vr : X -> X, 

which is a torsor under G := (Pic r (X)) 13 , where — D = 'Hom(—,G m ) denotes 
Carrier duality. 

In particular, if p 7^ 2 or if X is a singular Enriques surface then G = Z/2Z, 
the morphism n is an etale Galois cover and X is a K3 surface. In the remaining 
cases, it is purely inseparable and X is never smooth, possibly even non-normal. 
In any case, X is an integral Gorenstein surface with invariants 

u x = O x , X (O x ) = 2 and h\O x ) = 0, 

i.e., "K3-like". Having only an integral Gorenstein surface rather than a smooth 
K3 surface as double cover, is one of the main reasons why Enriques surfaces in 
characteristic 2 are so difficult to come by. 

Finally, let us recall some of the Hodge invariants, see BLa83l Theorem 0.1 1]: 



p 


type 


h m 


h 10 


h°(G x ) 


h\e x ) 


h\Q x ) 


2 


classical 
singular 
supersingular 



1 
1 


1 



1 


a 

1 


10 + 2o 
10 
12 


a 

1 


/2 
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Classical Enriques surfaces satisfy a < 1 and surfaces with a = 1 have been 
described and explicitly classified by Ekedahl and Shepherd-Barron [E-SB041 and 
Salomonsson [SaQ3j. 

2. Projective models of the double cover 

In this section we study linear systems and projective models of the K3(-like) 
cover X of an Enriques surface X. Since there is no canonical polarization on X, 
the best thing to do is to consider pull-backs of invertible sheaves from X with 
positive self-intersection number. In characteristic 7^ 2, this has been carried out 
by Cossec HCo851 Section 8]: such a pull-back defines a morphism that is either 



6 CHRISTIAN LIEDTKE 

birational onto its image or generically finite of degree 2 onto a rational surface. 
Cossec's proof relies on Saint-Donat's analysis [SD74] of linear systems on K3 
surfaces that he applies to X. In characteristic 2, the main difficulty is that X is in 
general only an integral Gorenstein surface, and so we have to take rather painful 
detours. 

The canonical double cover. We start by describing the canonical double cover 
of an Enriques surface X over a field k. Since Pic r (X) is a finite and flat group 
scheme of length 2, it gives rise to a torsor 

vr : X -+ X 

under (Pic 7 (X)) D , where — D denotes Cartier duality [Ra70, Proposition (6.2.1)]. 
More precisely, let V be the Poincare invertible sheaf on X x Pic T (X). By its 
universal property, there exists a morphism ip : Pic T (X) — > Pic r (X) such that 
V <g> V = (id x i/j)*V. Clearly, ip = n o A, where A is the diagonal and fi is the 
multiplication map of Pic T (X). Dualizing, we obtain an Ox-algebra structure on 
V v . Dualizing the multiplication map V ® (Ox <8> Opi C T (x)) ~~ ► 7-\ we obtain a 
Ox <8> O pic T/ x -,D-comodule structure on V y . Putting all this together, we obtain 

vr : X ^ SpecP v -± X 

together with its (Pic r (X)) I) -action. In particular, this group scheme acts via its 
regular representation. 

Let us recall from MQ-T70I Theorem 2] that a finite flat group scheme of length 
2 over k is isomorphic to Q a ^ for some a,b G k with ab = 2. The assignment 

Preg : 9 a ,b(S) - {s G S \ s 2 = as} - GL 2 (S) 

1 s 



' 1 - bs 

for any fc-algebra S, defines the regular representation, see also MB-M761 §3] and 
Lemma 13.61 below. 

Projective models. As in ||C-D89[ Chapter III §2], we define <1> for an effective 
divisor C on X to be 

$(C) := - inf {E • C, where \E\ is a genus one pencil on X} 

For example, if C is an irreducible curve with C 2 > then the linear system 
\C\ is basepoint-free if and only if $(C) > 2, see HC-D89I Theorem 4.4.1]. As 
we shall see now and in Theorem |2.4| below, $ also controls the behavior of linear 
systems on X. 

Theorem 2.1. Let C be an irreducible curve with C 2 > and <5(C) > 2 on an 
Enriques surface X. Then 

(1) C 2 > 4, 

(2) the invertible sheaf ir* Ox (C) on X is globally generated, 

(3) a generic Cartier divisor in \ir*Ox(C)\ is an integral Gorenstein curve, 
which is not hyperelliptic, 
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(4) \tt*Ox(C)\ gives rise to a morphism 

p : X -»• P( 1+c2 ), 

which is birational onto an integral surface of degree 2C 2 . 

PROOF. By HC-D89I Theorem 4.4.1] the linear system \C\ is base-point free. 
From the formula for hP of JC4 D89, Corollary 1.5.1] it follows that a generic di- 
visor in \C\ is reduced. Since C is irreducible by assumption, a generic divisor in 
\C\ is reduced and irreducible. In particular, \C\ has no fixed component. Now, 
if we had C 2 = 2 then \C\ would define a morphism onto P 1 , which contradicts 
C 2 ^ and we conclude C 2 > 4. Moreover, since Ox{C) is globally generated, 
it follows that tv*Ox(C) on X is also globally generated. 
Next, we consider the short exact sequence 

(1) -»■ O x {C) -»• vr,7r*O x (C) -»■ w x (C) -»• 0. 

We have ^(^(C)) = by HC-D89I Theorem 1.5.1], which, together with 
HC-D89I Corollary 1.5.1] implies^ (X,ir*O x (C)) =2 + C 2 . Thus, vr*Ox(C) 
gives rise to a morphism ipfmmX to (1 + C 2 ) -dimensional projective space. Also, 
since the image of \C\ is a surface, the same is true for tp. Moreover, tp{X) is an 
integral surface, i.e., reduced and irreducible, since X is. 

If p t^ 2 or if X is a singular Enriques surface then X is a smooth K3 surface 
and we compute (tt*C) 2 = 2C 2 . Since tt*Ox(C) is globally generated, we find 
2C 2 = deg tp ■ deg <p(X). Since non-degenerate and integral surfaces in P^ have 
degree at least N — 1, we conclude deg cp < 2. 

If p = 2 and X is classical or supersingular, then 7r is a torsor under ^2 or «2- 
In particular, 7r is inseparable and there exists a diagram 

(2) Z (i/2) 



1+C 2 



where F : X^ 1 / 2 ) — > X denotes the fc-linear Frobenius morphism. The compo- 
sition ip o w corresponds to a linear subsystem of |2C| (here, we identify X with 
X^-l 2 >). Both, (/j and w are morphisms, we have 2 deg (/? = deg((^ o w), as well as 
(2C) 2 = 4C 2 . As before, we find deg <p < 2, this time by arguing on X^ 1 / 2 ^. 

In order to show deg (p = 1 (again, for arbitrary 7r and p), we argue by con- 
tradiction similar to the proof of HCo85l Lemma 4.4.3]. So suppose deg tp ^ 1. 
Then deg tp = 2 and the image <p{X) is an integral surface of degree C 2 in P 1+c , 
i.e., a surface of minimal degree. These surfaces have been explicitly classified by 
del Pezzo, see JE-H 871 for a characteristic-free discussion. 

Now, the morphism it is a torsor under a finite flat group scheme G, which is 
of length 2 over k. Since the quotient of X by G is isomorphic to X and not 
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isomorphic to ip(X) it follows that the G-action on X induces a non-trivial en- 
action on ~P(H°(X, ir*Ox{C))) and tpiX). As already seen above, we may write 
the global sections of ir*Ox(C) as 

-)■ H°(X,O x (C)) -)■ H (X,7T*O x (C)) ^ #-°(Js>x(G))w£ ->■ 0. 

Considered as a short exact sequence of G-modules, the G-action is trivial on 
H°(X, O x (C)), as well as H°(X,u x (C)), but possibly not on u^. From the 
discussion at the beginning of this section it follows that H°(X, 7r*7r*>C), as a G- 
module, decomposes into the direct sum of three regular representations of G, see 
also Proposition [3/7] below. 

We set P + := ~P(H°(X, Ox{C))), which is the projectivized +id-eigenspace 
for the G-action. If p / 2 or p = 2 and G = \ii then the G-action has a second 
eigenspace, which we may identify with H°(X, ux(C))uj^. We denote by P_ 
its projectivization. Clearly, if a point in ~P(H°(X, ir*Ox(C))) is fixed under the 
G-action (in the scheme-theoretic sense) then it lies in P + or P_. 

For every v G H°(X,lox{C))oj^, the hyperplane P„ := P(pr -1 («)) is G- 
stable and contains P + . The generic P„ intersects <p(X) in an irreducible curve A. 
Since A is of degree G 2 — 1 in a P c , it is a rational normal curve and in particular 
smooth and rational. Since A is isomorphic to P 1 and equipped with a non-trivial 
G-action, its fixed point scheme has length 2, which is supported in two distinct 
points if p 7^ 2. 

Thus, cp(X) contains points that are fixed under G and so its intersection with 
P + or P_ is non-empty. On the other hand, 

p + n <p(x) = D {s = 0} n <p{x) 

seTT*H°(X,O x {C)) v 

and similarly for P_ n <p{X) and s G ir*H°(X, uj x {C)) y . This implies that 
Ox{C) or lox{C) is not globally generated, a contradiction. This establishes 
degcp = 1. 

By IIJo831 Theoreme 1.6.10], a generic Cartier divisor in \7r*Ox(C)\ is irre- 
ducible. The same theorem, applied to the open and dense subset of X where ip 
is an isomorphism and where X is smooth, shows that a generic Cartier divisor is 
generically reduced. Now, Cartier divisors on Gorenstein schemes are Gorenstein 
and in particular Cohen-Macaulay. Thus, a generic Cartier divisor in \it*Ox{C)\ 
is irreducible, generically reduced and Cohen-Macaulay, i.e., irreducible and re- 
duced, i.e., integral. 

Using the adjunction formula and H 1 ^, O^) = 0, we conclude that ip induces 
on D the morphism associated to up. Thus, (p being birational, the generic D is 
not hyperelliptic. Hyperelliptic in the non-smooth case simply means that there 
exists a morphism of degree 2 onto P 1 , see |Sch91| . □ 

Using Saint-Donat's analysis [SD74] of linear systems on K3 surfaces, Cossec 
ICo85 1 has shown that ip(X) in characteristic ^ 2 is cut out by quadrics: 



ENRIQUES SURFACES 9 

Theorem 2.2 (Cossec+e). Under the assumptions ofTheorem \2.1\ the image <p(X) 
in P 1+c is projectively normal and cut out by quadrics, whenever 

(1) char(A;) / 2, or 

(2) char(A;) = 2 and X is a singular Enriques surface. 

PROOF. In characteristic / 2, this is shown in MCo851 Section 8]. 

If X is a singular Enriques surface in characteristic 2, then X is smooth, ip is 
birational and <p(X) has only isolated singularities. But then, a generic divisor 
D £ \tt*Ox(C)\ is smooth and the whole analysis in MSD74[ Section 7] remains 
valid also in characteristic 2. Thus, MSD741 Theorem 7.2] and HCo85[ Lemma 8.1.2] 
show that ip(X) is projectively normal and cut out by quadrics. □ 

It is plausible that <p{X) is always cut out by quadrics - this would follow from 
numerical 4-connectedness of ir*Ox{C) on X (we refer to [CFHR, Section 3] for 
a discussion of this notion for singular varieties). However, we have only been able 
to establish this in the special case, in which we are interested in later on: 

Proposition 2.3. In addition to the assumptions ofTheorem \2.1\ assume that C 2 = 
4 and 5>(C) = 2. Then (f(X) C P 5 is projectively normal and cut out by quadrics. 

PROOF. We have to show that the graded ring associated to tt*Ox(C) on X is 
generated in degree 1 with relations in degree 2 only, i.e., a Koszul algebra. 

By Theorem 12. II a generic Carrier divisor D 6 \ir*Ox{C)\ is an integral and 
non-hyperelliptic Gorenstein curve of arithmetic genus p a {D) = 5. For n > 1, we 
consider the following short exact sequences on X: 

->• TT*O x ((n-l)C) -> TT*O x (nC) -»• u% n ->■ . 

Pushing TT*O x ((n - 1)C) forward to X and using HC-D89I Theorem 1.5.1], we 
conclude h}{X, ir*Ox((n — 1)C)) = for n > 1. Thus, as explained in the proof 
of part (ii) of [SD74, Theorem 6.1], to prove our assertion, it suffices to show that 
the canonical ring of D is a Koszul algebra. 

Before proceeding, we study genus one half -pencils on X more closely: since 
$(C) = 2, there exists a genus one pencil E on X with C ■ E = 4. Moreover, let 
E' be a genus one curve with \2E'\ = \E\, i.e., a half-pencil. We now claim: 

(1) tt*Ox(E') is globally generated with hP = 2 and h 1 = 0, and 

(2) -k*O x (C - E') also satisfies h° = 2 and h 1 = 0. It is globally generated 
outside ir~ 1 (R), where R is a (possibly empty) union of ADE-curves. 

We only deal with the case that it is inseparable in characteristic 2 and leave 
the remaining and easier cases to the reader: the assertions about h° and h 1 of 
7T*O x (E') follow from pushing it down to X and then using h°(X, O x {E')) = 
h°(X,ojx(E')) = 1, as well as h 1 (X,O x (E')) = h x (X,u x {E')) = 0. Now, 
we use diagram ©: the linear system w*\tt*Ox(E')\ is a linear subsystem of 
\w*7T*O x (E')\ = \F*E'\ = \2E'\ = \E\. Since both satisfy h° = 2, they are 
equal and so tt*Ox(E') is globally generated since Ox{E) is. Let us adjust the 
proof of [Co85, Theorem 5.3.6] to our situation: by Riemann-Roch there exists an 
effective divisor D such that E' + D € \C\, E'D = 2, and D 2 = 0. Moreover, 
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there exists a divisor E" of canonical type such that D = E" + R with R > 0. 
Since $(C) = 2 we have CE" > 2 and if equality holds then E" is a genus one 
half-pencil. Thus, 4 = C 2 > CE' + CE" > 4, and we conclude CE" = 2 and 
CR = 0. In particular, if non-empty, R is a union of ADE-curves. The remaining 
assertions now follow as before, establishing our two claims. 

Next, let us show that <p{D) possesses a simple (p a (D) — 2)-secant: first, we 
choose a generic Cartier divisor G G \ir*O x (E')\. Since h}(X,ir*O x (C-E')) = 
0, we conclude that H° (X , vr* O x (C)) surjects onto H°(G,ir*Ox(C)\ G ). Using 
deg7r*Ox(C')|G = 4 we see that tp embeds G as a quartic into some P 3 , which is 
easily seen to be the complete intersection of two quadrics. Thus, a generic hyper- 
plane H of P 5 intersects this complete intersection in 4 points in uniform position. 
This H cuts out on <p{X) an integral curve ip(D), where D G \tt*Ox{C)\, having 
the stated simple (p a (D) — 2)-secant. 

Having established this (p a (D) - 2)-secant, HSch91| Theorem 1.2] and MSch91| 
Corollary 1.3] show that the canonical ring of D is generated in degree 1 and has 
relations in degree < 3. Our proposition is proved once we show that no relations 
in degree 3 are needed. 

Suppose that relations in degree 3 are needed. Then, ip(D) is contained in an 
irreducible surface S of degree p a (D) — 2by [Sch91 , Theorem 3. 1]. By the classifi- 
cation of surfaces of minimal degree [ E-H87 ] together with p a (D) = 5 we find that 
S is ruled. Moreover, a generic ruling of S intersects <p(D) in three distinct smooth 
points. Thus, D possesses a globally generated invertible sheaf M. of degree 3 with 
h° = 2 (a "gl") and D is trigonal. Now, we consider C := ir*O x (E')\ D . Then 
tt*Ox (C — E')\r> — ojd <8> £ v and C and ujd ® £ v are invertible sheaves of degree 
4 = | deg uj£,. Taking cohomology in 

-»■ ir*O x (E' - C) -»• tt*O x (E') -»■ £ -> 0, 

we obtain h°(D,jC) > 2. Moreover, #°(X,7r*0 x (£')) and ff°(X, 7r*O x (C - 
.E')) inject into H°(D,C) and H°(D,uj£) ® £ v ), respectively. In particular, £ is 
globally generated since -k*Ox{E') is. Choosing D generically, we may assume 
that £> does not intersect 7r _1 (i?) and then u>d <8> £ v is globally generated. Since 
h l (D, £) 7^ 0, Clifford's inequality implies h°(D, £) < 3 and equality could only 
happen if D were hyperelliptic. Thus, h°(D,C) = h (D,UD <S> £ v ) = 2. This 
is enough to show that D is not trigonal: by BACGHl Excercise III.B-5], which 
works for integral Gorenstein curves in arbitrary characteristic, the invertible sheaf 
M. making D trigonal would have to be a subsheaf of £ or ujd ® £ v , which is 
absurd. □ 

We complete the picture by discussing linear systems on X arising from curves 
C onX with <J> = 1: 

Theorem 2.4. Let C be an irreducible curve with C 2 > and 3>(C) = 1 on an 
Enriques surface X. Then 

(1) the invertible sheaf ir* O x (C) on X is globally generated, 



ENRIQUES SURFACES 11 

(2) \ir*Ox(C)\ gives rise to a morphism 

p : X -> P( 1+C2 \ 

which is generically of degree 2 onto a surface of minimal degree C 2 , 

(3) the image <p(X) is cut out by quadrics. 

PROOF. As in the proof of Theorem O we find h°(X, tt*O x (C)) = 2 + C 2 . 
Again, \C\ has no fixed component and so tt*Ox{C) is globally generated outside 
a finite (possibly empty) set of points. 

Let us first assume C 2 > 4. In this case, <p(X) is a surface since the image of 
the rational map associated to \C\ is a surface HC-D891 Theorem 4.5.1]. 

Seeking a contradiction, we assume that ip is birational. As in the proof of 
Theorem 12. 1 1 we conclude that a generic Cartier divisor D G \tt*Ox(C)\ is an 
integral Gorenstein curve. Since 3>(C) = 1, there exists a genus one half -pencil 
E' on X such that C ■ E' = 1. Then £ := n*O x (E')\ D satisfies deg£ = 2 and 
taking cohomology in 

-»• 7T*O x (E' - C) -»■ tt*O x {E') ->■ £ -> 

we find /i°(£>, £) > 2. Since p tt (D) > 5, Riemann-Roch implies ^(D, £) / 0. 
But then, Clifford's inequality h°(D,C) < 2 is in fact an equality, which implies 
that D is hyperelliptic. In the proof of Theorem 12. II we have seen that ip restricted 
to D induces \ud\, which contradicts the fact that ip is birational. Thus, deg (f > 2 
and since tp(X) is a non-degenerate integral surface in T 1+c , we conclude 

2C 2 < degip-C 2 < degip-deg^(X). 

On the other hand, tt*Ox(C) is globally generated outside a finite set of points 
and so we find 

deg ip- deg X < 2C 2 

with equality if and only if -k*Ox{C) is globally generated: this is clear if ir is 
etale, because then X is smooth. If n is inseparable, we consider ip o w in the 
diagram ^ and obtain the same result by arguing on X^ 1 ' 2 ' . 

Putting these inequalities together, we find that ir*Ox{C) is globally generated, 
deg ip = 2 and deg <p(X) = C 2 . In particular, ip(X) is a surface of minimal degree 
and thus cut out by quadrics IE-H87I . 

It remains to deal with the case C 2 = 2. Then, ip is a possibly rational map to 
P 3 . By contradiction, assume that (p(X) is a curve. A generic G G \tv*Ox(E')\, 
where E' is a half -pencil with C ■ E' = 1, is an integral curve with p a = 1. We find 
degvr*Ox(C)|G = 2, which implies h°(G,7r*Ox(C)\ G ) = 2 by Riemann-Roch 
and Clifford's inequality. This implies that <p{G) is a linearly embedded P 1 C P 3 . 
But then tp(X) is equal to this P , contradicting that tp(X) linearly spans P 3 . Thus, 
(p(X) is a surface and we conclude as before. □ 
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3. Complete intersections of three quadrics 

In this section we study one particular birational model of X, which turns out to 
be the complete intersection of three quadrics in P 5 . This extends results of Cossec 
HCo851 Section 8] and Verra HVe831 Theorem 5.1] to characteristic 2. We explicitly 
describe the equations and the action of the finite flat group scheme G on X. As 
a byproduct, we obtain that all Enriques surfaces in any characteristic arise via the 
Bombieri-Mumford-Reid construction in [B-M76] §3]. 

In order to find projective models of X, we study linear systems \ir*Ox(C)\, 
where G is an irreducible curve with C 2 > 0. By Theorem 12. II and Theorem 12.41 
the associated morphism ip : X — > ¥ N is birational onto its image if and only 
if 3>(C) > 2 and G 2 > 4. In this case, the codimension of the image is equal 
to C 2 — 1. Thus, in our setup, models of smallest possible codimension are of 
codimension 3 in P 5 . Moreover, by HC-D891 Lemma 3.6.1], irreducible curves 
with C 2 < 10 satisfy $(C) < 2. We are thus led to studying irreducible curves 
with C 2 = 4 and $(C) = 2. 

Theorem 3.1. For every Enriques surface X there exists a morphism ip : X — >• P 5 , 
which is birational onto its image. More precisely, there is a Cartesian diagram 

¥ ■ X — ^^{xf — *-P 5 



X—^X' 

such that 

(1) <p(X) is a complete intersection of three quadrics, 

(2) v is a birational morphism and X' has at worst Du Val singularities, 

(3) 7r is a torsor under under a finite flat group scheme G, which arises as 
pull-back from a G-torsor <p(X) —> X ', and 

(4) the G-action on <p{X) is induced by a linear G-action of the ambient P 5 . 

PROOF. Let C be an irreducible curve on X with C 2 = 4 and $(G) = 2, which 
always exists by [C-D89, Chapter IV §9], but see also Proposition 13.41 We set 
C := Ox(C). By Theorem 12. II and Proposition 12.31 the invertible sheaf -k*C on 
X gives rise to a birational morphism, whose image (p(X) is cut out by quadrics. 
We compute h°(X, n*£) = 6 and h°(X, vr*£® 2 ) = 18 via pushing forward these 
sheaves to X (see the proof of Theorem 12. ll details). Thus, there are three quadric 
relations and hence tp(X) is a complete intersection of three quadrics. 

Next, the G-action on X induces a G-action on H°(X, ir*C). This gives rise to 
a linear G-action on P 5 extending the G-action on tp(X). 

Every irreducible curve that has zero-intersection with G is a (— 2)-curve [C-D89, 
Proposition 4.1.1]. Since Ox{C) is globally generated, big and nef, 



X -> X' := Proj 0#°(X, £ 5 



n>0 



V(X) := \ C 6 Pic(X) 
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is a birational morphism that contracts those (— 2)-curves having zero-intersection 
with C and nothing else. In particular, X' has at worst Du Val singularities. Thus, 
H l (X,O x ) = H x {X',O x >) and uj x is 2-torsion if and only if u X 'js. This 
implies that the canonical G-torsor -k arises as pull-back from a G-torsor X' — y X'. 
Since X' has only Du Val singularities, C® n (resp. lux <S> £®") for n > and 
^*(£® n ) (resp. ^»( w x ®£® n )) have isomorphic global sections. Thus, the graded 
ring R w *c of (X, tt*C) is isomorphic to the graded ring R'^i* v £ of (X', tt'*v*C). 

Now, (Proj ^.£,0(1)) is just ip(X) C P 5 by Proposition [23] On the other 
hand, v*C is ample on X' (by the Nakai-Moisehzon criterion, see also the proof 
of Proposition 13.41 below), and so v*ir* C = tt^u^C is ample on X '. Thus, X' is 
isomorphic to Proj R' n *c- □ 

Polarizations. Having just established a projective model of X, it is natural to 
ask for uniqueness of ip : X — > P 5 , as well as 'how far' tp is from being an 
isomorphism. Since our previous result extends work of Cossec BCo851 Section 8] 
and Verra [Ve83, Theorem 5.1] to characteristic 2, we define 

Definition 3.2. A Cossec-Verra polarization on an Enriques surface X is an in- 
vertible sheaf C G V{X), where 

there exists an irreducible curve C 
withCe \C\, C 2 = 4, $(C) = 2 

We denote the morphism X — > P 5 corresponding to |vr*£| by tp£. 

Clearly, every C G V{X) is big and nef. To decide whether it is ample, let us 
recall that an irreducible curve on X is a (— 2)-curve, i.e., has self-intersection —2, 
if and only if it is smooth and rational. Such curves are called nodal and we denote 
by 1Z(X) the set of all nodal curves. 

Proposition 3.3. For C £ V{X) the following properties are equivalent: 

(1) C ■ a > Ofor every a G K{X), 

(2) C is ample, 

(3) 7r*£ is very ample, and 

(4) '■Pc '■ X — > <pc{X) is an isomorphism. 

In general, the reduced exceptional locus ofipc is the union of the reduced inverse 
images of all those nodal curves having zero-intersection with C. 

PROOF. By [C-D89, Corollary 3.2.2], every effective divisor is linearly equiva- 
lent to one that is the positive sum of curves of arithmetic genus 1 and 0. Since 
$(C) = 2, the intersection of C with curves of arithmetic genus 1 is positive. 
Thus, by the Nakai-Moishezon criterion for ampleness, C is ample if and only if it 
has positive intersection with every nodal curve. This establishes 1 44> 2. From the 
proof of Theorem l3.1l we get 1 44> 4. The equivalence 3 44> 4 is obvious. 

The last assertion follows from the proof of Theorem 13. II □ 

An Enriques surface X is called unnodal if TZ(X) is empty. Over the complex 
numbers, a generic Enriques surface is unnodal [B-P83, Proposition 2.8]. Let us 
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recall that a Reye congruence is the subset of G(l, 3) parametrizing lines in P 3 that 
lie on at least two quadrics of a given generic 3-dimensional family of quadrics. By 
HCo831 Theorem 1], a generic nodal Enriques surfaces is a Reye congruence. This 
said, we establish a couple of facts about existence, uniqueness and ampleness of 
Cossec-Verra polarizations: 

Proposition 3.4. Cossec-Verra polarizations always exist. More precisely: 

(1) if X is unnodal, then V(X) is infinite and every C G V{X) is ample, 

(2) if X is a generic Reye congruence and p / 2 then there exists an ample 
Cossec-Verra polarization. Moreover, ifp > 19 then V{X) is infinite. 

(3) if X is extra special then V(X) is finite and no Cossec-Verra polarization 
is ample. Moreover, there exist nodal curves on X, whose inverse images 
on X are contracted by (p £ for every C G V{X). 

Over the complex numbers, ViX) modulo Aut(X) is finite, and is of order 252, 960 
for a generic Enriques surface. 

Remark 3.5. Extra special surfaces exist in characteristic 2 only and are discussed 
in HC-D89I Chapter III.5]. For example, an Eg-extra special surface possesses only 
one Cossec-Verra polarization, X is non-normal and the only <p£ partially con- 
tracts the non-normal locus. We shall see in Section [5] below that this is closely 
related to obstructions of the deformation functor, as well as to the exceptional 
Enriques surfaces studied in [E-SB04]. 

PROOF. Let us recall, e.g. from [C-D89, Chapter II.5] that the Enriques lattice E, 
i.e., the Neron-Severi group of an Enriques surface modulo torsion, is isometric to 
the hyperbolic lattice corresponding to the Dynkin diagram T2,3,7: 



ai 


Q2 


CK3 


Q'4 


ar, 


ae 


a 7 


as 


Q9 


o — 


O 


C 

c 
a 


3 

) 



O 


O 


o — 


O 


o — 


O 



Let We be the Weyl group with respect to all roots and Wx be the Weyl group 
with respect to 1Z(X). We denote by C x ■= {x G E | xa > 0, Va G Tl(X)} the 
nodal chamber of X. As explained in [C-D89 , Chapter III.2], Cx is a fundamental 
domain of Vx '■= {x G E | x 2 > 0} for the Wx-action. Moreover, let V% be 
the connected component of Vx containing the class of an ample divisor and set 

c+ : = v+ nc x . 

Let cji := a\ G E v be the fundamental weight of the root a\ G E. It follows 
from rC-D891 Corollary 2.5.7] that elements of V{X) correspond to those elements 
of the orbit Isom(E) • oj\ that lie in C\. In particular, V(X) is not empty. The 
stabilizer Stab(wi) is the Weyl group corresponding to the Dynkin diagram T2 ! 3 i 7 
with vertex a\ removed, which is of type Dg. In particular, Stab(u;i) is finite. 
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If X is unnodal then Wx is trivial, C x = V x and so V(X) corresponds to 
the cosets of We = Isom(E)/{±id} modulo Stab(wi), which is infinite. Since 
X is unnodal, every C E V{X) is ample by Proposition 13.31 Moreover, from 
Stab(wi) = W(D 9 ), w e infer W (Dq)/W(D 9 )(2) ^ (Z/2Z) 8 x 6 9 , see IIC-D891 
Proposition 2.8.4]. By [B-P83, Theorem (3.4)], a generic complex Enriques sur- 
face satisfies Aut(X) ^ W E (2) and thus W E /W E (2) = O+(10,F 2 ) by HC-D891 
Theorem 2.9.1]. This identifies V{X) modulo Aut(X) with W e /We(2) modulo 
W(D 9 )/W(D 9 )(2), which has 



|O+(10,F 2 )| _ 2 20 -3 5 -5 2 -7-17-31 ..- 



|(Z/2Z) 8 x6 9 | 2 15 -3 4 -5-7 



2°-3-5-17-31 = 252,960 



elements. 

Next, let X be a generic Reye congruence. It contains 10 genus-one half pencils 
Fi and 10 nodal curves D% such that FiFj = 1 and D t Dj = 2 for i ^ j, see 
ICo831 Lemma 3.2.1]. It follows from the proof of HCo831 Proposition 3.2.5], that 
the invertible sheaf corresponding to CV, := Fi + \(J)% + Dj) for i ^ j belongs 
to V(X). If X is a generic Reye congruence then the genus-one fibrations |2Fj| 
have no reducible fibers by the remark after [Co83. Proposition 3.2.4]. From this it 
is not difficult to compute that every nodal curve intersects CV, positively, i.e., the 
corresponding ipc is an isomorphism. It follows from MC-D851 Theorem 1], that 
automorphism groups of generic nodal Enriques surfaces in characteristic p > 19 
are infinite. Since this group acts on C x and since Stab(wi) is finite, we conclude 
thatV(X) is infinite. 

If X is E§ -extra special, then Wx = Isom(E)/(±id), which implies that it 
contains only one genus-one fibration \2E\ and that V(X) consists of only one 
element C. Then we use MC-D89I Proposition 3.6.2] to see that \C\ = \2E + 2R ± + 
... + 2i?7 + i?g + Riq\ (notation as in case 4 of MC-D891 page 185]) from which we 
read off that R\, ..., i?§ and R\q have zero-intersection with C. In the other extra 
special cases, the genus one fibrations are described in [C-D89, Chapter III.5] and 
applying MC-D891 Proposition 3.6.2] to a divisor class \C\ with C 2 = 4, 3>(C) = 2 
we end up with a finite list of possibilities of how to write \C\ in terms of genus-one 
fibrations. First, this shows that V(X) is finite. Second, in these explicit lists we 
can always find nodal curves that have zero-intersection with C for any choice of C 
and any decomposition into genus-one pencils. We leave the lengthy, yet straight 
forward details to the reader. 

Finally, over the complex numbers, the subgroup of Isom(E) generated by Wx 
and Aut(JT) is of finite index [Do84]. In particular, there are only finitely many 
orbits of Isom(E) • u\ modulo Wx (needed to move the vector into Ct) and 
modulo Aut(X). Thus, V{X) modulo Aut(X) is finite. □ 

Explicit equations. We end this section by determining explicit equations of the 
complete intersection ipc(X). For later use, let us extend our setup for a moment: 
let R be a complete, local and Noetherian ring with residue field k. Then, a finite 
flat group scheme of length 2 over R is isomorphic to Q a i, for some a,b G R 
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with ab = 2 by BO-T701 Theorem 2]. Straight forward calculations - but see also 
HB-M76I p.222] - show: 

Lemma 3.6. The regular representation ofQ a ^, where ab = 2, associates to every 
R-algebra S the homomorphism 

Preg ■ Qa,b{S) = {s G S \ S 2 = as] - GL 2 (S) 

1 S 



~ ' l-bs 

If we set T := R[xi, yi, ..., x n , y n ] and assume that Q a ^ acts on each pair Xi,yi 
via /^eg then the following quadrics are Q a ^-invariant 

XiXj , y 2 - a Xij/i, xtyj + yiXj + b yiyj . 

Moreover, the Q a ^-invariants ofT in even degree are generated by these invariant 
quadrics. □ 

Let X be an Enriques surface over k and assume that Pic T (X) = Cr& ja . At the 
beginning of Section |2] we gave an explicit description of the induced G ai b-torsor 

vr : X -+ X. 

Next, we choose a Cossec-Verra polarization C on X, and remind the reader that 
such polarizations always exist by [C-D89. Chapter IV §9] or Proposition [33] 

Proposition 3.7. There exists a linear G a yaction on P 5 such that 

Vc ■ X -* P 5 , 
becomes G a yequivariant. Its image is the complete intersection of three quadrics. 
More precisely, there exist coordinates xi, X2, #3, 2/i> 2/2, 2/3 on P 5 such that 

(1) the G a f)-action on each pair Xi,yt is as in Lemma U^6\ and 

(2) such that the quadrics cutting out (p(X) are linear combinations of the 
invariant quadrics ofLemma \3.6\ 

PROOF. By Theorem 13- 1 L the image <p(X) is a complete intersection of three 
quadrics. We take cohomology in the short exact sequence 

-»■ C -> 7T*7T*£ -> u x C -> 

and note that G a ,b acts via its regular representation on ir*7r*C, see the discussion at 
the beginning of Section[2l Thus, we can choose a basis x\, X2, £3 of H (X, C), as 
well as lifts y 1 , 2/2 , 2/3 of a basis of H° (X, ujx ®£) to H° (X,tt*tt*£) such that G a ^ 
acts on each pair Xi,yi as in Lemma I3l6l In particular, as a G a j, -representation, 
H°(X, ir*ir*C) is isomorphic /9®|, that is, 3 copies of the regular representation. 
Now, consider the exact sequence of G a ^-modules 

-»■ ker/x -> Sym 2 tf°(X,^*£) A H°{X, ir*ir*(£® 2 )) -»■ 0. 

The kernel ker/i is easily seen to be 3-dimensional. Arguing as above, we see 
that H°(X, 7r*7r*£® 2 ) is isomorphic to p®p as G ai b-representation. Decomposing 
the G a b-representation on Sym 2 H°(X, ir*ir*£), we find that G a ^ acts trivially on 
ker /i. Thus, <p(X) is cut out by three quadrics, all of which are G^-invariant. □ 
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Remark 3.8. Following an idea of Reid, Bombieri and Mumford [B-M76, §3] gave 
the first construction of all three types of Enriques surfaces in characteristic 2. Our 
result shows that in fact all Enriques surfaces arise in this way - after possibly 
resolving Du Val singularities of the quotient. 

4. Moduli and Lifting - the Polarized Case 

In this section we consider Enriques surfaces together with ample Cossec-Verra 
polarizations. Given an Enriques surface, such a polarization always exist after 
possibly contracting nodal curves to Du Val singularities. Thus, we study pairs 
(X, C), where X is an Enriques surface with at worst Du Val singularities and C 
is an ample Cossec-Verra polarization. We show that such pairs have an extremely 
nice deformation theory, construct their moduli space ^#cv,ample an d prove lifting 
to characteristic zero. 

Let us first slightly extend Definition I3.2t an invertible sheaf C on an Enriques 
surface X' with at worst Du Val singularities is a Cossec-Verra polarization if v*C 
on X is, where v : X — > X' denotes the minimal desingularization. In particular, 
if £ is a Cossec-Verra polarization on a (smooth) Enriques surface then 



X -> X' := Proj 0/7° (X,£ 5 



n>0 

is a contraction and Ox>(l) is an ample Cossec-Verra polarization on X'. 

In this section, k denotes an algebraically closed field of characteristic p > 
and R is a complete, local and Noetherian ring with residue field k. 

Picard scheme and effectivity. Before studying deformations, moduli and lifting, 
we have to understand extensions of invertible sheaves on formal deformations. 

Proposition 4.1. Let X be an Enriques surface with at worst Du Val singularities 
over k and X — > Spf R be a formal deformation of X. If C is an invertible sheaf 
on X and 

(1) if X is classical, then C extends uniquely to X, and 

(2) if X is non-classical, then £® 2 extends to X. Moreover, if C\ and £2 are 
extensions ofCtoR then £ 1 = C 2 ■ 

In particular, every formal deformation is effective. 

PROOF. If X is classical then h}{Ox) = h 2 (Ox) = and so the first assertion 
is a standard result in deformation theory. 

If X is non-classical then char(/c) = 2. We write X as limit X n — > Spec R n 
with X = Xq and where each i? n +i — > R n is a small extension. Thus, for every 
n > we have an exponential sequence 

-»• Ox ->■ Ov -»• Oy -> 0, 



and, taking successive extensions, we end up with short exact sequences 

1* -* O* 



(3) -)• IC n , -)■ 0* , -► O* -► 0. 
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We claim that )C n>s , considered as sheaf of Abelian groups, is a direct sum of 
Witt vectors of finite length over Ox- first of all, we have /C n ,i — Ox for all n. 
Moreover, interpreting X n+S as Xf n+ u + f s _u, the respective sequences (O yield a 
short exact sequence 

-)■ lC n +i, s -i ->■ K. n ,s -> Ox -> 0. 

By induction on s we may assume that K. n +i :S -i is a direct sum of sheaves of Witt 
vectors of finite length. Considering each of its summand individually, Lemma 1431 
reveals that also /C„ jS is of this form. This establishes our claim. 

Now, C corresponds to an element in Pic(X) = H 1 ^^). Taking cohomology 
in (O, we denote by 5 S the coboundary map Pic(X) — > H 2 (JCq jS ). Then 5 S (£) ^ 
if and only if C extends to X s . Since /Co, s is a direct sum of WmOx's and 
since H 2 (W m Ox) — k for every m by Lemma 1431 we conclude that H 2 (K,q jS ) 
is 2-torsion. Thus, for every s, the obstruction to extending C® 2 to X s vanishes, 
proving that C® 2 extends to X. 

Moreover, if C\ and £2 are extensions of C to X s , then their "difference" lies in 

i^ 1 (/Co. s ), which is 2-torsion by the same reasoning as for H 2 (JCq. s ) above. This 

'7*82,^7*82 
implies C l = L 2 ■ 

Finally, if C is ample on X, then so is C® 2 and since the latter extends to X, the 

formal deformation is effective by Grothendieck's existence theorem. □ 

Remark 4.2. The classical case is trivial. In case X is singular and R = W(k), 
extension of £® 4 has been shown in MLa831 Theorem 1.4]. 

Lemma 4.3. Let X be a non-classical Enriques surface over k. Then 

E^iOx.WmOx) = H\W m O x ) = k and H 2 {W m O x ) = k. 
Moreover, the only non-trivial extension class corresponds to W m +\Ox- 

Proof. We have H l (WO x ) = and H 2 (WO x ) = kby IHT791 Section II.7.3]. 
Thus, the m-fold Verschiebung V m yields an exact sequence 

-»• H\W m O x ) -»• H 2 (WO x ) ^ H 2 (WO x ) -)• H 2 (W m O x ) -»• 0. 

Since if 1 (W m Ox) — Ext 1 (Ox, W m Ox) is contained in k and contains the non- 
trivial class [Wm+iOx], we conclude H l (W m Ox) — k for all m. In particular, 
this class generates the cohomology group. Counting dimensions in the above 
exact sequence, we infer H 2 {W m Ox) — k for all m. □ 

Proposition 4.4. Under the previous assumptions, Pic T (X/R) is a finite flat group 
scheme of length 2 over R. 

PROOF. By [B-M76, Theorem 2], Pic T of an Enriques surface over any field is 
finite of rank 2, and so Pic T (^/i?) is quasi-finite. Choosing an ample invertible 
sheaf C on X and extending C® 2 to X, which is possible by our previous result, 
we see that X — >• Spec R is projective. Thus, R is Noetherian, and X — > Spec R 
is smooth, projective and with geometrically irreducible fibers, which implies that 
Pic r (X/R) is projective llFGAl n°236, Corollaire 4.2]. Thus, Pic r (X/R) is in fact 
a finite group scheme over R. As Pic T of the special fiber has rank 2, Nakayama's 
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lemma implies that the i?-module ^T°(Spec R, Pic T (X / R)) is generated by 2 ele- 
ments. 

If ujx ^ Ox then these two invertible sheaves define two distinct morphisms 
from Spec R to Pic T {X /R). Thus, the closure of the union of their images defines 
a non-trivial finite flat subgroup scheme. By the previous discussion this group 
scheme has to coincide with Pic T (X /R). 

We may thus assume lux — Ox- Let us write X as limit over X n — > R n , 
where the R n 's are local Artin algebras. Clearly, we have f*Ox„ = R n and using 
Grothendieck duality, we find R 2 f*Ox„ — R 2 f*LUx„ — R n - By flatness, we 
have £.(-l)Hength(i?7*C> x J = X (Ox) = 1- Thus, the length of R 1 f*0 Xn as 
i? n -module is equal to the length of R n as i?„-module. From H l (Ox) — k and 
Nakayama's lemma we find that R 1 f*Ox n is a cyclic i? n -module. This implies 
that R l f*0 Xn = R n - Now, R l f*0 Xn is the tangent space to P\c(X n /R n ) at the 
zero-section. Since this is locally free of rank 1, we infer the existence of a finite 
flat and infinitesimal group scheme of rank 2 inside Pic°(X n /R n ). Since this holds 
for arbitrary n, we conclude that the limit of these group schemes coincides with 
Pic T (X/R). □ 

Let us recall once more that every finite flat group scheme of rank 2 over R is of 
the form Q a j, for some a,b G R with ab = 2, see BO-T701 Theorem 2], as well as 
Lemma [3^61 The following result extends Proposition l3.7l to families: 

Proposition 4.5. Let £ be a Cossec—Verra polarization on X and assume that it 
extends to X — >■ Spec R. If Pic T (X / R) = Q^ a , then there exists a linear Q ab- 
action on P|j, as well as a Q a j,-equivariant morphism 

cp : X -+V%, 

whose image is the complete intersection of three quadrics. Moreover, there exist 
coordinates X\, X2,X3,yi,]j2,y3 on P^ such that 

(1) the Qa^-action is as in Lemma U^6\ and 

(2) such that the quadrics cutting out <p(X) are R-linear combinations of the 
invariant quadrics ofLemma \3.6\ 

PROOF. We just established that Pic T (X / R) is a finite and flat group scheme of 
rank 2 over R, say, isomorphic to Q^ a . By MRa70[ Proposition (6.2.1)], there exists 
a finite flat Q a {,-torsor 7r : X — >• X. From the proof of Proposition 14.41 we infer a 
short exact sequence 

-»• Ox -»• Tr*Ox -»• oox -»• 0. 

Now, let £ be an extension of C to X. Since h 1 (X, C) = by MC-D891 Theorem 
1.5.1], global sections of £ extend to global sections of C. Clearly, lox/r <S> C 
extends lux <8> C and h}{X : lux ® £) shows that its global sections extend, too. 
Thus, /*£ and f*{u>x ® £) are free i?-modules of rank 3. 

In particular, n* £ defines a map cp-g : X — ■* P 5 R that coincides with ipc on 
the special fiber. By Proposition 13-71 ipc is a morphism whose image is the com- 
plete intersection of three quadrics and so the same is true for tp-g by openness 
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of these properties. As in the proof of Proposition 13.71 we conclude that ip^ is 
^a ; 6-equivariant. Moreover, since the three quadrics in the special fiber cutting out 
tpc(X) are Q a ^-invariant, the same is true for the quadrics cutting out ip^{X). □ 

Deformations and lifting. Now, we come to one of our main results. Let X be an 
Enriques surface with at worst Du Val singularities over k and C be an invertible 
sheaf on X. We define the functor 

J local Artin algebras 1 , . 

6 x ' c 1 with residue field k J \ e s ) 

that associates to each R the set of pairs (X, £), where X is a flat deformation of 
X over R and C extends C to X. 

By Proposition 14.41 V\c T (X jK) is a finite and flat group scheme of length 2 
over R. We denote by Def Grp,2 the functor that assigns to each local Artin algebra 
R with residue field k the set of finite flat group schemes of rank 2 over R. Such 
group schemes are of the form Q a ^ for some a,b 6 R with ab = 2. Thus, Defc r p,2 
has W(A;)[[a, b]]/(ab — 2) as pro-representable hull. 

Theorem 4.6. Let X be an Enriques surface with at worst Du Val singularities to- 
gether with an ample Cossec—Verra polarization C. Then the morphism of functors 

Defx,£ ->■ Def Gr p,2 , 
that assigns to each flat deformation X/R its Pic T (X/R), is smooth. 

Remark 4.7. We shall see in Section [5] that this fails to be true if C is not ample or 
if we consider unpolarized deformations. 



PROOF. Existence of this morphism follows from Proposition! 

Now, let R' — > R be a small extension, let (X, C) be a deformation of (X, C) 
over R and let Q' be a finite flat group scheme extending Q := Pic T (X / R) to R'. 
To prove smoothness, we have to find an extension of (X, C) to R' whose relative 
Pic T is isomorphic to Q' . By Proposition 14.51 there exists a C/ D -torsor n : X — y X 
and tt*(C) defines an embedding into P|j, whose image is a complete intersection 
of three t^-invariant quadrics. From the explicit description in Lemma [376l we 
see that we can find a Q' D -action on P|j,, as well as a complete intersection of 
(/'^-invariant quadrics X' , extending X together with its t/ D -action on P|^ to R' . 

Next, consider the morphism 

given by the C? /D -invariant quadrics of Lemma 1331 By the same lemma, the Q' D - 
invariants of even degree in R'[x\, yi, ..., x$, ys] are generated by these 12 invariant 
quadrics. Thus, ^ is the quotient morphism by Q' D . In particular, X' := ty(X') = 
X'/g' D is flat over Spec R', extending XjQ D ^ X to R' . 

Finally, the Q' D '-action defines a descent data on C P s (1) | ^, . Thus, by finite flat 

descent, it comes from an invertible sheaf £' on X' , which extends C. □ 

As a direct consequence, we obtain lifting to characteristic zero - we note that 
the ramification needed for the lifting is entirely controlled by Pic r . 
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Theorem 4.8. Let X be an Enriques surface with at worst Du Val singularities. 
Assume that X admits an ample Cossec—Verra polarization. 

(1) If X is not supersingular then it lifts over W(k), and 

(2) if X is supersingular then it lifts over W(k) [v2], but not over W(k). 

Proof. We fix a, b G k with ab = 2 such that Pic T (X) = G a>h . If X is not 
supersingular then a / or 6 / and we can find a', b' E W(k) with a'b' = 2 
mapping to a, b, and thus a lift of G a ^ to W(k). Lifting of X over W(k) then 
follows by running through the proof of Theorem [43] with R = k and R' = W(k). 
Of course, R' — > R is not a small extension but the proof also works in this case. 
Alternatively, Theorem 14.61 provides us with a formal lifting of X over Spf W(k), 
which is algebraizable by Proposition 14. II 

If X is supersingular, then a = b = and Q n ^ with tt := v2 lifts Go.o — «2 to 
W(&)[v2]. The same arguments as before show that X lifts over W(/c)[\/2]. On 
the other hand, if X were a lifting of X over W{k) then Pic T (^f /R) would be a 
finite flat group scheme of length 2 over W(k) with special fiber 0:2 by Proposition 
14.41 However, this contradicts the fact that a p does not admit liftings over W(k), 
see also [Q-T70I Theorem 2]. □ 

Moduli spaces. For an algebraically closed field k of characteristic p > 0, we 
consider the set ^cv.ample of pairs (X, C), where 

- X is an Enriques surfaces with at worst Du Val singularities over k, and 

- £ is an ample Cossec-Verra polarization on X. 

We end this section by giving this set the structure of an Artin stack and describing 
its geometry: 

Theorem 4.9. ^cv ample rx a quasi-separated Artin stack of finite type over k. 

(1) If p 7^ 2 then ^cv ample is irreducible, unirational, 10-dimensional and 
smooth over k. 

(2) If p = 2 then ^#cv, ample consists of two irreducible, unirational, smooth 
and 10- dimensional components 

^CV.ample OTfif ^CV^aLple ■ 
Moreover 

- f/iey intersect transversally along an irreducible, unirational, smooth 
and ^-dimensional closed substack ^#py amD i e , 

- ./#cy ample parametrizes supersingular surfaces, 

- J^Qy amp i e — ^cv ample Parametrizes singular surfaces (G = p,<i) 
and classical surfaces (G = Z/2ZJ, respectively, 

- for all G, ^qy ample contains an open and dense substack, whose 
geometric points correspond to smooth surfaces. 

PROOF. We only discuss the case p = 2, since the analysis for p ^ 2 is analogous 
to the case of singular Enriques surfaces in characteristic 2. 

First of all, since for every (X, C) G ^CV,ample> X is projective and since 
every formal deformation is effective by Proposition 14.11 the set -#cv,ampie can 
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be given the structure of a quasi-separated Artin stack of finite type over k, see 
MAr74al Example (5.5)] for a sketch, or [Ri96] for a detailed discussion. 

Next, let G be a finite flat group scheme of length 2 and consider the G D -action 
on P 5 as in Lemma l3~6l Let \t : P 5 ->• P 11 be the morphism defined by the G D - 
invariant quadrics as in the proof of Theorem 1431 As explained in [B-M76, §3], the 
inverse image of a generic hyperplane section yields the canonical double cover of 
anEnriques surface together with a G D -action. Such surfaces are overparametrized 
by an open dense subset Uq of the Grassmannian Grass(3, 12). It follows from 
Proposition [3771 that all Enriques surfaces with at worst Du Val singularities, ample 
Cossec-Verra polarization and whose canonical double cover is a G^-torsor arise 
this way. If we denote by jV g the substack of surfaces with Pic T = G, then we 
have just shown that Uq maps dominantly onto ^V G , showing irreducibility, as 
well as unirationality. 

Now, if X — > S is a family of Enriques surfaces with at worst Du Val singu- 
larities, then the set of points such that X s is a classical Enriques surface is open, 
since the property h l (Ox) = is open by semi-continuity. Also, the set of points 
s.th. X s is singular is open: by [Ar74b] there exists a surjective map S' — ^ S 
and an algebraic space X' — > S' that simultaneously resolves the singularities of 
X — > S. But then, the property of being a singular Enriques surface, i.e., satis- 
fying h°(Qx) = 0, is open on S' by semi-continuity. Now, for each s G S, the 
map on Henselizations 0$ — > Og, s , is finite. We conclude that being a singular 
Enriques surface is stable under generization also on S, proving openness. Similar 
arguments show that the set of points such that X s is supersingular, is closed. We 
conclude that JV for G = /i2 and for G = Z/2Z belong to different components 
of ^#cv,ampio- We denote these components by ^#^ ample an( ^ rem ark that they 
contain JV as open and dense substacks. 

Next, let (X, C) G .jV a2 . The group scheme Gqj over k[[t]] has special fiber «2 
and generic fiber H2- By Theorem 14. 61 there exists a family X — > Spec k[[t\] with 
special fiber X and Pic T (A"/fc[[i]]) = Qo it - In particular, the geometric generic 
fiber of this family is a singular Enriques surface. This shows that jV a2 is a closed 
substack of -#^y amp i e - Using Q t ,o instead, we conclude that ^V a ' 2 is also a closed 

substack of ^?v 2 am P ic- Thus > ^cv.ampie and ^cvimpie intersect along J^ a \ 

The functor Def Grp,2 restricted to the subcategory of local Artin fc-algebras has 
pro-representable hull k[[x,y]]/(xy), see the discussion before Theorem 14.61 But 
then, the statements about smoothness and transversal intersections follow from 
Theorem l4.61 

Generic hyperplane sections of ^(P 5 ) C P 11 (notation as in Theorem 14.61) 
yield smooth singular, classical and supersingular Enriques surfaces with ample 
Cossec-Verra polarizations, see also [B-M76~J §3]. Since ampleness and smooth- 
ness are open properties, there exist open and dense substacks of ^#^ ample f° r 
G = /i2, Z/2Z, and «2, respectively, corresponding to smooth surfaces. 

We partly postpone the computation of the dimension to Section [5J namely, 
for G = Z/2Z and /X2 we shall prove there that the just-established open and 
dense substacks of ^ G y amp i e parametrizing smooth surfaces are isomorphic to 
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open substacks of the yet to be defined stack ^#cv,smooth- Thus, it will suffice to 
compute the dimension at such points of -#cv,smooth, which is equal to 10, see the 
discussion after Proposition [53] From this, the dimension and the local description 
of ^qy amp i e follows from Theorem 14.61 and the description of Defcrp,2- d 

Remark 4.10. Over the complex numbers, Casnati [Ca04] considered Enriques 
surfaces together with invertible sheaves with self-intersection 4, and showed that 
the corresponding moduli space is rational. Clearly, not every such polarization is 
Cossec-Verra. Nevertheless, in view of this result it would be interesting to know 
whether the components of ^#cv,ampie are rational. 

Clearly, we do not have to restrict ourselves to deformations over fc-algebras. 
We leave it to the reader to use the previous proof to show that in fact 

Theorem 4.11. The moduli space ^#cv. ample is a quasi-separated Artin stack of 
finite type and smooth over Spec 1i[x, y\/{xy — 2). □ 

5. Unpolarized moduli 

In this section we study deformations, moduli and liftings of smooth Enriques 
surfaces - with and without Cossec-Verra polarizations, leading to the moduli 
spaces -#cv,smooth and ^Enriques- The general picture is similar to the one of 
the previous section. These two moduli spaces are related to ^#cv,ampic y i a Artin's 
functor that simultaneously resolves Du Val singularities in families. At points cor- 
responding to classical and exceptional Enriques surfaces, it is this functor which 
is responsible for the non-smoothness of .^Enriques an d ^cv.smooth- 

Let us consider the following sets: 

(1) ^#Enriques> whose elements are smooth Enriques surfaces. 

(2) ^#cv,ampie> whose elements are pairs (X, £), where 

- X is an Enriques surface with at worst Du Val singularities, and 

- £ is an ample Cossec-Verra polarization. 

(3) ^#cv,smooth> whose elements are pairs (X, £), where 

- X is a smooth Enriques surface, and 

- C is a Cossec-Verra polarization. 

(4) ^#Grp,2> whose elements are finite flat group schemes of length 2. 
Clearly, all these sets carry structures of algebraic stacks, but let us defer the 

discussion of quasi-separatedness until Theorem !5.2l below. In any case, they are 
related by two functors: 

^CV,smooth 




*"CV, ample '^Enriques 



The first functor contracts nodal curves: 

^cont : ^CV.smooth ~ > ^CV.ample 

(X,C) -> (X':=Proj ® n>0 H°(X,£® n ),O x ,(l)) 
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Now, a morphism from some base scheme S to ^#cv,ampie corresponds to a family 
X — v S of Enriques surfaces with at worst Du Val singularities together with an 
ample Cossec-Verra polarization C. Thus, its fiber is 

i . . c//o / simultaneous resolutions of singularities of 1 

contl^) : b /o •-»■ | ^ X5 5" ^ 5" together with the pullback of £ J 

Artin [ Ar74b] showed that this functor is representable by a locally quasi-separated 
and quasi-finite algebraic space over S. Thus, 

Proposition 5.1. The functor <3?cont is representable, locally quasi-separated and 
a bijection on geometric points. □ 

By Theorem 14.91 every component of ^#cv,ampie contains an open and dense 
substack over which <& con t is in fact an isomorphism. As an application we obtain 
quasi-separatedness of our stacks. We note that this is in contrast to K3 surfaces, 
where the moduli space of unpolarized surfaces is highly non-separated. 

Theorem 5.2. The moduli spaces ./#Enriques> ^CV,ampie and ^cv.smooth ® r e 
quasi-separated Artin stacks of finite type over k. 

PROOF. We have to verify that the assumptions of HAr74al Theorem (5.3)] are 
fulfilled. As explained in MAr74al Example (5.5)], this is clear for ^#cv,ampie> see 
also Theorem 14.91 In the remaining cases, everything except quasi-separatedness 
is clear. But now, quasi-separatedness of ^#cv,ampie together with Proposition 15. II 
implies quasi-separatedness of ^#cv,smooth- Finally, since ^#cv,smooth — > Spec k 
factors over ^Enriques ~~ > Speck, we obtain quasi-separatedness of -#Enriques- d 

The second functor forgets the Cossec-Verra polarization 

^forget • ^CV, smooth ^ '^Enriques 

(X,£) .-»■ X 

Here, we have the following: 

Proposition 5.3. The functor ^forget is representable, separated and locally finite 
and flat. It is smooth at a geometric point (X, C) if and only if X is classical. 

PROOF. A family X — y S of Enriques surfaces is automatically projective by 
Proposition O By llFGAl n° 232, Theorem 3.1], Pic(X/S) is representable by a 
separated scheme, which is locally of finite type over S. 

The condition C 2 = 4 is closed and such invertible sheaves lie discrete in the 
Neron-Severi lattice. From Theorem 12.11 and Theorem 12.41 we see that the $ > 2 
is characterized by the property that (pc is birational. Since this is an open prop- 
erty, so is the condition $ > 2. On the other hand, invertible sheaves with self- 
intersection number 4 satisfy <£ < 2 by BC-D891 Lemma 3.6.1], and thus <J> = 2 
is an open property for such invertible sheaves. We conclude that ^foL-etlS 1 ) is 
locally represented by Pic T (X /S), proving local finiteness and flatness of <3? forget- 

In particular, ^forget is smooth at (X,C) if and only if Pic r (X) is reduced, 
which is the case if and only if X is classical. □ 
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An invertible sheaf £ on a smooth surface X determines via dlog a class in 
H l {X, Clx), the Chern class of C, which can also be interpreted as an extension 
class in Ext 1 (Ox, Ox), the Atiyah extension of C 

->• Ox ->• Ac ->• Ox -)■ . 

The groups H l (X,®x) provide a tangent-obstruction theory for ^Enriques, and 
the groups H l (X,Ac) a tangent-obstruction theory for ^cv.smooth- Then, the 
differential of <3?f rgct ca n be computed from the cohomology sequence 

... -> ^(Ox) -> ff 1 ^) ^ ^(®x) -> # 2 (Ox) -► - 

If X is classical, then <i<I>f or g et is an isomorphism, whereas it has one-dimensional 
kernel and cokernel in the non-classical case. In particular, we find 

h°{Ac) = h (e x ) + l, h 1 (Ac) = h 1 {G x ), and h 2 (A c ) = h 2 {Q x ). 

The h l (@x) are well-known, see Section [Q In particular, if (X,C) is is neither 
supersingular nor exceptional, ^#cv,smooth is 10-dimensional at (X,C). 

Using the previously defined functors, we now compare our moduli spaces: 

Theorem 5.4. In characteristic 7^ 2, all three stacks ^Enriques. ^cv.smooth ond 
•^cv, ample ore smooth, irreducible, unirational and 10-dimensional. 



PROOF. We have shown this for ^#cv,ampie hi Theorem 14.91 There exists an 
open and dense substack, over which ^#cv,smooth and ^#cv,ampie are isomor- 
phic, showing irreducibility and unirationality of -#cv>mooth- The latter implies 
that ^#Enriqucs is irreducible and unirational. Smoothness of ^#cv,smooth and 

inriques follows from h 2 (@ X ) = h 2 (A C ) = 0. □ 



Remark 5.5. Using analytic methods, Kondo IIKo941 has shown that .^Enriques 
over the complex numbers is rational. It would be interesting to know whether this 
is also true in positive characteristic. 

We described the geometry of ^#cv>mpic in characteristic 2 in Theorem 14.91 
and extend this now to the other moduli stacks. 

Theorem 5.6. Let ^ be one of .^Enriques. •^cv,ampie an d ^cv.smooth- Then it 
consists of two 10-dimensional, irreducible and unirational components 

and J?*/™. 



Moreover, 

- they intersect along a closed substack ^ a ' 2 , which is 9-dimensional, irre- 
ducible and unirational, 

- ^ a2 parametrizes supersingular Enriques surfaces, 

- ^ G — ^# a2 parametrizes singular (G = p,i) and classical (G = 1a /21a) 
Enriques surfaces, respectively. 

The local geometry is a little bit more tricky and given by the following result 
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Theorem 5.7. Let X be an Enriques surface in characteristic 2 and C a Cossec- 
Verra polarization. 

- If X is singular, or classical and not exceptional, then all three moduli 
stacks are smooth at X, (X, C), and $ CO nt (X, C), respectively. 

- If X is classical and exceptional, then 

- ^#cv,amplc is smooth at <J> cont (X, C), whereas 

- ^#cv,smooth and ^Enriques ore not smooth at (X, C) and X. More 
precisely, they acquire locally irreducible hypersurface singularities. 

- If X is supersingular, then the intersection of ^#^ 2 and ^ ' in X is 
transversal 

- for$ cont (X,L) E -#CV,ample, 

- for (X, C) E ^cv,smooth if £■ is ample, and 

- for X E .^Enriques, if X admits an ample Cossec-Verra polarization. 
The latter two conditions hold along an open and dense substack of^ a2 . 

Remarks 5.8. Let us note that 

(1) we do not know whether the intersection at supersingular points is always 
transversal, and that 

(2) although generic Enriques surfaces satisfy h°(@x) = 0, exceptional and 
supersingular Enriques surfaces fulfill h°(®x) = 1- This implies that 
-^Enriques cannot be a Deligne-Mumford stack in characteristic 2. 

PROOF (of both theorems). The assertions on dimension, irreducibility and uni- 
rationality are shown as in the proof of Theorem 15.41 We established all stated 
properties of ~#cv,ample m Theorem 14.91 Moreover, smoothness in the singular or 
classical and non-exceptional case follows as in the proof of Theorem 15 .41 

If X is a classical and exceptional Enriques surface, then h}(Ac) — h°(Ac) = 
h x {Qx) — h°(&x) = 11. However, the moduli spaces are 10-dimensional at this 
point, and so ^Enriques and ^#cv,smooth cannot be smooth at X and (X,C), re- 
spectively. Since the obstruction spaces H 2 (@x) and H 2 (Ac) are 1 -dimensional, 
the singularities are hypersurface singularities. As 3> CO nt is a bijection on geometric 
points, and ^cv.ampie is smooth, we conclude local irreducibility. 

Now, let X be supersingular. Transversal intersection of two components at 
&cont{X,C) E ^#cv,ampie has been established in Theorem 14.91 Using $ con t 
and ^forget, we conclude that also the other two moduli spaces consist of two 
components intersecting along the supersingular locus. Now, if C is ample then 
^#cv,smooth and ^#cv,ampie are locally isomorphic near (X, £), and thus the in- 
tersection is transversal. Let us now prove transversally at X E ^Enriques in 
case X admits an ample Cossec-Verra polarization C: then (X,C) is a geomet- 
ric point of ^#cv,ampie- By Theorem 14.61 ^#cv,ampie — > ^Grp,2 is smooth and 
in particular, every first-order deformation of 02 can be extended to a first-order 
deformation of the pair (X, C). Forgetting C, we infer that the differential of the 
map ^Enriques ~~ * ^Grp,2 at X is surjective. Given a deformation X — > S of 
S, and a small extension S — » 5' such that Pic T (X / S) cannot be extended to 
S', also X — > S cannot be extended to S' by Proposition 14.41 Thus, the map 
of obstruction spaces ob(^Enriques) — > ob(^Grp,2) is non-trivial. Both spaces 
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are 1-dimensional, and so the map is in particular injective. This implies that 
^Enriques — > ^Grp,2 is in fact smooth at X. Again, we conclude that the in- 
tersection of the components at X is transversal. □ 

Remark 5.9. At a point of ^Enriques corresponding to a singular and exceptional 
Enriques surface X, the following happens: 

There exists a family X — y S over some local base with special fiber X, as well 
as a small extension S —y S such that the family cannot be extended over 5. After 
choosing a Cossec-Verra polarization C on X, this polarization extends uniquely 
to X (since X is classical), and <3? CO nt yields a family X' — y S. Since ^#cv,ampic 
is smooth at <J> cont (X, C), the family X' — y S extends to a family X — y S. By 
construction, X — y S is a simultaneous resolution of singularities of X' — >• 5 over 
S. By assumption, a simultaneous resolution of singularities of X — y S extending 
X — y S does not exist over S. However, it does exist after a ramified extension of 
5 by Artin's result IAr74bl . 

Summing up, the singularities of ^Enriques at X can be explained via ADE- 
curves and obstructions coming from Artin's simultaneous resolution functor. Over 
the complex numbers, similar phenomena have been described in HB-W741 . 

Let us finally address the lifting problem for Enriques surfaces. Every Enriques 
surface X admits a Cossec-Verra polarization C. After contracting those nodal 
curves that have zero-intersection with C, we obtain an Enriques surface X' with 
at worst Du Val singularities. In Theorem 14.81 we have shown that X' lifts over 
W(k) unless it is supersingular, in which case it lifts over W(k) [\/2]. Here is what 
we know about lifting of smooth Enriques surfaces: 

Theorem 5.10. Let X be an Enriques surface in positive characteristic p. 

(1) Ifp / 2 then X lifts over W{k). 

(2) If X is a singular, or a classical and non-exceptional Enriques surface, 
then it lifts over W{k). 

(3) If X is supersingular and admits an ample Cossec-Verra polarization then 
it lifts over W(k) [y/2], but not over W(k). 

(4) In the remaining cases, X lifts over a possibly ramified extension ofW{k). 

PROOF. In the first two cases, we have h 2 (@x) = 0, i.e., there exists a formal 
lifting over W(k), whose algebraization follows from Proposition 14. II Lifting over 
W(A;)[\/2] and non-lifting over W(k) for supersingular surfaces admitting ample 
Cossec-Verra polarizations has been established in Theorem 14. 8 1 In the remaining 
cases, Theorem 15. 6 I tells us that the deformation functor has only locally irreducible 
hypersurface singularities, i.e., there exists a formal lifting over a ramified exten- 
sion of W(k), which is algebraizable by Proposition 14. II □ 

Remark 5.11. The first two results are well-known, see IILa83l and IE-SB041 . It 
would be interesting to know whether exceptional classical surfaces lift over W(k) 
and, whether all supersingular surfaces lift over VF(A;)[v / 2]- 
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